Abstract. We define deformation rings for potentially semi-stable deformations of fixed discrete series inertial type in dimension 2. In the case of representations of the Galois group of Qp, we prove an analogue of the BreuilMézard conjecture for these rings. As an application, we give some results on the existence of congruences modulo p for newforms in S k (Γ 0 (p)).
Introduction
Let p > 2 be a prime number, K a finite extension of Q p with absolute Galois group G K . Let ρ be a continuous representation of G K of dimension 2 with coefficients in some finite field F of characteristic p. Let E be a finite extension of Q p with residue field containing F. There exists an O E -algebra R (ρ) parametrizing the framed deformations of ρ to O E -algebras. Kisin ([Kis08] ) has shown that this ring has quotients R ,ψ (w, t, ρ) that parametrize framed deformations ρ that are potentially semi-stable of given determinant (encoded by ψ), fixed Hodge-Tate weights (encoded by the Hodge-Tate type w) and fixed inertial type t (that is, the restriction to inertia of the Weil-Deligne representation WD(ρ) associated to ρ is isomorphic to a fixed smooth representation t). We are interested in a variant of this situation: instead of considering deformations with a fixed inertial type t, consider deformations with a fixed extended type t ′ , that is such that the restriction to the Weil group of WD(ρ) is isomorphic to t ′ , in the case when t ′ is a discrete series type (see the definition in Paragraph 2.1). This problem was first considered in [BCDT01] , in order to isolate some irreducible components of the deformation space parametrizing deformations with fixed inertial type. For a discrete series inertial type t, we show that the ring R ,ψ (w, t ′ , ρ) parametrizing deformations with fixed discrete series extended type t ′ extending t is the maximal reduced quotient of R ,ψ (w, t, ρ) supported in some set of irreducible components of Spec R ,ψ (w, t, ρ). More precisely, depending on t, adding the extra data of a t ′ either does not give any additional information, or divides the set of irreducible components in two parts.
Some important information about the geometry of the rings R ,ψ (w, t, ρ) is given by the Breuil-Mézard conjecture ( [BM02] , proved for K = Q p by Kisin [Kis09] and Paškūnas [Paš12] ) that relates the Hilbert-Samuel multiplicity of the special fiber of the ring to an automorphic multiplicity, computed in terms of smooth representations modulo p of GL 2 (O K ) attached to w and t. Our main result is that when K = Q p there is a similar formula for the Hilbert-Samuel multiplicity of the special fiber of R ,ψ (w, t ′ , ρ) for a discrete series extended type t ′ . More precisely, Gee and Geraghty have shown in [GG] that for discrete series inertial types t, the Breuil-Mézard conjecture can be reformulated using an automorphic multiplicity expressed in terms of representations not of GL 2 (O K Using the local Langlands correspondence and the Jacquet-Langlands correspondence, we construct for each discrete series inertial type t a smooth representation σ G (t) with coefficients in Q p (or a pair of such representations, depending on the inertial type t). To a Hodge-Tate type w we attach a representation σ w of G coming from an algebraic representation of GL 2 with highest weight given by w. The Hilbert-Samuel multiplicity is then given in terms of the multiplicity of the irreducible components of the reduction modulo p of σ G (t) ⊗ σ w , seen as representations of a finite group Γ through which all semi-simple representations modulo p of G factor. For K = Q p we have the following theorem (see Theorem 3.5.1 for a more precise statement): 
Theorem. Let ρ be a continuous representation of G
We deduce our result from the reformulation by [GG] of the usual Breuil-Mézard conjecture, making use of modularity lifting theorems for modular forms on a quaternion algebra ramified at infinity and at primes dividing p.
We give a concrete application of this result to the existence of congruences modulo p for some modular forms. When t is trivial, the ring R ,ψ (w, t, ρ) classifies semi-stable representations, and the extra data given by the extended type is the eigenvalues of the Frobenius of the associated filtered (φ, N )-module when the representation is not crystalline (there are only two possibilities for these eigenvalues if the determinant is fixed). If f ∈ S k (Γ 0 (p)) is a newform, this means that the extended type of ρ f,p | G Qp gives the value of the coefficient a p (f ) = ±p k/2−1 . We give in Theorem 6.2.1 a criterion for the existence of a newform in S k (Γ 0 (p)) that is congruent to f modulo p but with the opposite value for a p .
Plan of the article. We define the deformation rings R
,ψ (w, t ′ , ρ) for discrete series extended types in Section 2. In Section 3 we introduce the groups and representations that play a role in the automorphic side for the formula for the Hilbert-Samuel multiplicity of the special fiber of the rings R ,ψ (w, t ′ , ρ) and state our main theorems. We give in Section 4 some results about modular forms for quaternion algebras ramified at infinity and at primes dividing p that we need in Section 5, where we prove the theorems. Section 6 is devoted to the application to modular forms.
1.2. Notation. We fix a prime number p > 2. We denote by K a finite extension of Q p , and by q the cardinality of its residue field. Let G K be the absolute Galois group of K, I K its inertia subgroup and W K its Weil group. We denote by ε the p-adic cyclotomic character and ω its reduction modulo p. We normalize the Artin map of local class field theory 
irr) then t is not isomorphic to t ⊗ λ(−1). If t is of the form (red) then t is isomorphic to t ⊗ λ(−1).
Let t be a discrete series extended type. We call conjugate type of t the type t ⊗ λ(−1). Two conjugate types with isomorphic restriction to I K are characterized by the fact that they have the same determinant. When t is of the form (scal) or (irr), two conjugate extended types are distinct, but they are isomorphic when t is of the form (red).
Let (r, N ) be a Weil-Deligne representation of dimension 2, that is a two-dimensional smooth representation r of the Weil group W K and a nilpotent endomorphism N such that N r(x) = x −1 r(x)N for any x ∈ W K . Let t be an inertial type; we say that (r, N ) is of inertial type t if r| IK is isomorphic to t. Let t ′ be an extended type; we say that (r, N ) is of extended type t ′ if r is isomorphic to t ′ . We say that (r, N ) is a discrete series Weil-Deligne representation if either r| IK is of the form (scal) and N = 0 or r| IK is of the form (red) or (irr) (note that we can have N = 0 only when r| IK is of the form (scal) and r is a twist of 1 ⊕ · ). With this definition, discrete series inertial (resp. extended) types are exactly the restriction to I K (resp. W K ) of discrete series Weil-Deligne representations. See Paragraph 3.1 for a justification of this terminology.
2.2. Potentially semi-stable representations and discrete series extended types.
2.2.1. Filtered (φ, N )-modules with descent data. Let F be a finite extension of Q p , F 0 the maximal unramified extension of Q p contained in F . Let E be a finite extension of Q p (the coefficient field), that we suppose large enough.
A filtered (φ, N, F, E)-module is a free F 0 ⊗ Qp E-module D of finite rank, endowed with a F 0 -semi-linear, E-linear endomorphism φ and a F 0 ⊗ E linear endomorphism N satisfying the commutation relation N φ = pφN , with N nilpotent, φ an automorphism, and a dicreasing filtration of
= 0 when i is large enough. We can define an admissibility condition for filtered (φ, N, F, E)-modules, we refer to [Fon94b] for the definition.
Let ρ : G F → GL(V ) be a continuous representation, where V is a finitedimensional E-vector space. If ρ is semi-stable, we can attach to it an admissible filtered (φ, N, F, E)-module by taking
gives an equivalence of categories between the category of semi-stable representations of G F and the category of admissible filtered (φ, N, F, E)-modules which preserves dimension, and the Hodge-Tate weights of ρ are the indices i with
(so that ε has its Hodge-Tate weights equal to 1).
Suppose now that we have ρ : G K → GL(V ) a continuous representation such that ρ becomes semi-stable on a finite Galois extension F of K. Then we can attach to it an admissible filtered (φ, N, F/K, E)-module, that is an admissible filtered (φ, N, F, E)-module with descent data given by an action of Gal(F/K) which is F 0 -semi-linear and E-linear and commutes with φ and N . The filtered
This gives an equivalence of categories between the category of representations of G K that become semi-stable over F and the category of admissible filtered (φ, N, F/K, E)-modules.
Weil-Deligne representation attached to a Galois representation. Let
where V is a finite-dimensional vector space over a finite extension E of Q p . If ρ is potentially semi-stable, we attach to its filtered (φ, N, F/K, E)-module a Weil-Deligne representation W D(ρ) as in [Fon94a] (see also Appendix B. of [CDT99] for more detailled explanations of the construction and its properties). It does not depend on the field F over which K becomes semi-stable, and moreover it does not depend on the filtration but only on φ, N and the action of Gal(F/K).
We say that ρ is of inertial type t if WD(ρ) is of type t, and of extended type t ′ if WD(ρ) is. Note that WD(ρ) is of scalar inertial type if and only if ρ is semi-stable up to twist, and in this case N = 0 if and only if ρ is semi-stable but not crystalline up to twist.
2.3. Deformation rings. In this section we fix a discrete series inertial type t.
Note that the notions of this Paragraph will be interesting ony when t is of the form (scal) or (irr) as we explain later. Let ρ be a continuous representation of G K of dimension 2 over a finite field F of characteristic p. Let E be a finite extension of Q p with residue field containing F. We denote by R (ρ) the universal framed deformation O E -algebra of ρ.
be a Hodge-Tate type, t be an inertial type, and ψ a character of G K . We are interested in lifts ρ of ρ that are potentially semi-stable, with determinant ψε, Hodge-Tate weights (m τ , m τ + n τ + 1) τ (we then say that ρ has Hodge-Tate type w), and inertial type t. Such a lift can exist only if w, ψ and t satisfy the equality:
where ε τ is the Lubin-Tate character corresponding to τ , so that ε = τ ε τ . In this case we say that ψ is compatible with t and w.
In [Kis08] , Kisin shows that, after possibly enlarging E, there exists a quotient R ,ψ (w, t, ρ) of R (ρ) that has the following properties: Proof. Let F be a finite extension of K such that ρ x | GF is semi-stable for all x. Such an F exists and is determined by t. Using the results of [BC08] we can then construct a free F 0 ⊗A-module D st (ρ) with a Frobenius φ, a monodromy operator N and an action of Gal(F/K) that are A-linear and such that for all
We can apply the method of the construction of the WeilDeligne representation as given in [CDT99] , Appendix B. to D st (ρ). This gives a continuous representation r : W K → GL 2 (A) and N ∈ M 2 (A) such that for all x, (r x , N x ) is the Weil-Deligne representation attached to ρ x . All representations r x have the same restriction to inertia and the same determinant. If t is of the form (red), this implies that the isomorphism class of r x is constant and hence the extended type is constant is the family.
Suppose now that t is of the form (irr), that is t = (ind
We can choose a basis (e 1 , e 2 ) of A 2 (after possibly replacing Max(A) by some admissible covering) such that for all x, we have r x (β)e 1 = χ(β)e 1 and r x (β)e 2 = χ ′ (β)e 2 for all β ∈ I L , and r x (α)e 1 = e 2 . Let Frob be any Frobenius element of W K . Then the matrix in this basis of r x (Frob 2 ) and of r x (β) for any β ∈ I K is constant, and the matrix of r x (Frob) can take only two possible values that determine the isomorphism class of r x . As the matrix varies continuously with x and A is integral, it is constant, hence the isomorphism class of r x is constant.
Suppose now that t is scalar. Let Frob be any Frobenius element of W K . Then the isomorphism class of r x is determined by the characteristic polynomial of r x (Frob). Let U be the Zariski open subset of Max(A) defined by the condition N = 0. Then on U the eigenvalues of r x (Frob) are of the form α x and qα x for some α x . As the determinant of r x is constant, α 2 x is constant, hence the characteristic polynomial of r x (Frob) can take only two possible values on U . As U is Zariksi dense in Max(A) (because A is a domain), it can only take two possible values on Max(A), and in fact only one by continuity. Hence the isomorphism class of r x is constant.
Deformation rings of fixed discrete series extended type. We define a quotient
by taking the maximal reduced quotient supported on the set of irreducible components of Spec R ,ψ (w, t, ρ) that are of type t ′ . We also define, following [GG] , a ring R ,ψ (w, t ds , ρ) corresponding to all the irreducible components of some extended type t ′ . If t is of the form (red), there is exactly one extended type t ′ that is compatible with (t, ψ), and we have
supported only on the components containing points corresponding to representations that are not potentially crystalline and is generally different from R ,ψ (w, t, ρ) (see also Lemma 5.5 of [GG] and the remarks preceding it). If t ′ is an extended type compatible with
, but it can be different from it as there are two possibilities for t ′ . Then we have the following properties: Proposition 2.3.3.
( Proof. Properties (1) and (2) follow from the analogous properties for the inertial type t, and Proposition 2.3.2.
In the case not of the form (scal), property (3) follows from the fact that any ρ x of inertial type t is of some discrete series extended type t ′ . Suppose now that t is scalar, we can assume that t is trivial. Let x be as in (3): x factors through R ,ψ (w, t, ρ) by Theorem 2.3.1 and it defines a representation ρ :
. Suppose now that ρ is crystalline, and let r :
, and even through the maximal reduced quotient supported on some irreducible component of Spec R ,ψ (w, t, ρ). By considering r y for some y ∈ m Zp , y = 0 we see that this component is of extended type t ′ , and u factors through
Proposition 2.3.4. Let E ′ be a finite extension of E and let ρ : There exists a continuous lift r : Proof. We make use of the description of the possible filtered (φ, N, K)-modules for ρ given in [Dou10] , Proposition 2.2: The hypothesis that ρ is of some extended type tells us that there exists a basis (e 1 , e 2 ) of the free
in which the matrix of φ is of the following form (after enlarging E ′ if necessary): Let
, Section 2. We can apply Theorem 0.2 of [Xie12] : after possibly making a base change X → a −1 X for some non-zero a ∈ m E ′ in order to reduce the radius of convergence, we get a continuous representation r :
As r 0 is isomorphic to ρ, after conjugation we can suppose that r 0 = ρ, so in particular r 0 has coefficients in O E ′ . After possibly reducing again the radius of convergence, r defines a repre-
with r x semi-stable with filtered (φ, N, K) module isomorphic to D bx for some b ∈ m E ′ , b = 0 and with constant reduction modulo p. This gives the representation r that we wanted.
Remark 2.3.5. Suppose that ρ is irreducible. Then as ρ is isomorphic to ρ ⊗ λ(−1),
, where t ′ and t" are the conjugate extended types compatible with (t, ψ).
Remark 2.3.6. For an inertial type of the form (char), the extended type is not constant on irreducible components. In fact it follows from [GM09] that, in the case K = Q p , for an inertial type of this form there exists only a finite number of isomorphism classes of potentially semi-stable representations of given regular Hodge-Tate weights and extended type.
Multiplicities
Let D be the non-split quaternion algebra over K. In this section we consider all smooth representations as having coefficients in Q p , unless otherwise specified.
3.1. Local Langlands and Jacquet-Langlands. We denote by JL the local Jacquet-Langlands correspondence, that attaches to every irreducible smooth admissible representation of D × a discrete series smooth representation of GL 2 (K) (that is, supercuspidal or a twist of the Steinberg representation).
We denote by rec p the local Langlands correspondence that attaches to each irreducible smooth admissible representation of GL 2 (K) a Weil-Deligne representation of degree 2 with the normalization of [HT01] , Introduction.
We set LL D (π) = (rec p • JL(π)) ⊗ · 1/2 , so that the image of LL D is exactly the discrete series Weil-Deligne representations (r, N ) (see Paragraphs 3.5 and 4.5.1 for a justification of the normalization). We give some properties of LL D : let ψ a character of K × , and denote by N D the reduced norm
It is an open compact subgroup of D × , which does not depend on the choice of ̟ D . It follows from the explicit description of smooth representations of D × (as can be found for example in Chapter 13 of [BH06] ) that any irreducible smooth representation of D × that is not a character has one of the following forms: (1) the type of r is of the form (red).
the sum of two irreducible representations that differ by conjugation by ̟ D . And the following conditions are equivalent:
(1) the type of r of the form (irr).
(1) ⇔ (3) comes from the explicit descriptions of the local Langlands and Jacquet-Langlands correspondence (see [BH06] ).
(3) ⇔ (4) is Proposition 3.8 of [GG] (see also Sections 5 and 6 of [Gér78] ).
3.2. Representations attached to a discrete series inertial type.
Representations of D
Let t be some discrete series inertial type. Let (r, N ) be some discrete series Weil-Deligne representation with t = r| IK . Let N ) , which depends on the choice of (r, N ) only up to unramified twist, and let σ D (t) be one of the irreducible components of the restriction of π t to O × D ; it depends only on t and not on the choice of (r, N ) (this is the same as the representation σ D (t) of [GG] , Section 3.1). We can recover π t from σ D (t) up to unramified twist. Hence we have the following property: 
. All such embeddings are conjugate by the SkolemNoether theorem.
Fix now
With these choices we can define an embeddingũ :
Note • The characters δ a for a ∈ Z/(q − 1)Z.
• The characters ξδ a for a ∈ Z/(q − 1)Z.
• The representations r a for a ∈ Z/(q 2 − 1)Z not divisible by q + 1.
Moreover, these representations are all distinct, except for the relation r a = r qa . Finally, ξr a is isomorphic to r a , and r a | ℓ × = χ a ⊕ χ qa .
The irreducible representations of Γ K are the analogue in our situation of the usual Serre weights.
3.3.3. Reduction modulo p of representations of G ̟K attached to discrete series types. Let σ G (t) be a representation of G ̟K attached to a discrete series inertial type t as in Paragraph 3.2.2. We can see σ G (t) as having coefficients in Q p , as it has finite image. As G ̟K is compact, we can find an invariant lattice in σ G (t), and consider the semi-simplification of the reduction modulo p of this representation. We denote by σ G (t) the representation of Γ K that we obtain (it is semi-simple, independent of the choice of the invariant lattice and its restriction to ℓ × is independent of any choice).
Proposition 3.3.2. Each irreducible representation of Γ K has a lift in character-
Let r be an irreducible representation of Γ K of dimension 2. There exists a ∈ Z/(q 2 − 1)Z not divisible by q + 1 such that
We define an inertial type t r of the form (red) by t r = (ind
is isomorphic to r, as follows from the explicit constructions in [BH06] .
We now compute the reduction of some representations of G ̟K attached to discrete series types. Let L be the ramified quadratic extension of K generated by (1) if ψ(−1) = −1, that is, n is odd, then I(ψ) consists of (q + 1)/2 representations of dimension 2, and:
consists of (q−1)/2 representations of dimension 2 and 4 representations of dimension 1, and:
Proof. We proceed as in [BD13] , Section 4. We have that [ It follows from Proposition 3.1.1 that Proposition 3.3.3 gives the reduction of σ G (t) when t is of type (irr) under some compatibility condition between t and ̟ K . As we will see in Paragraph 3.5 this compatibility condition is harmless. When t is scalar the reduction of σ G (t) is easy to compute as it is of dimension 1. When t is of type (red) we do not really need to compute σ G (t) as observed in Paragraph 2.3.3, but it could be immediately obtained from Proposition 4.6 of [BD13] : as σ G (t) = ξσ G (t), it is entirely determined by its restriction to ℓ × . Note that complete results and computations can be found in [Tok14] .
3.4. A reformulation of a result of Gee and Geraghty. For any finite group G we denote by R(G) the Grothendieck ring of representations of G with coefficients in F. We denote by [σ] the image in R(G) of a representation σ of G. Let Γ = Γ K . We fix ̟ K a uniformizer of K.
We denote by w 0 the Hodge-Tate type (0, 0) τ ∈Hom(K,Q p ) .
In the case K = Q p , let w = (n, m) be a Hodge-Tate type. We set |w| = n + 2m. We define a representation We can see the reduction modulo p of σ w as a representation of Γ by restriction. We denote its image in R(Γ) by σ w , it does not depend on any choices made (including ̟ K ): indeed it is the restriction to Γ of the representation Sym n ⊗ det m of GL 2 (F) via any embedding of Γ into GL 2 (F), and all such embeddings are conjugate.
We denote by π a uniformizer of the field E of Paragraph 2.3. For any noetherian local ring A, we denote by e(A) the Hilbert-Samuel multiplicity e(A, A) (see [Mat89] for the definition of the Hilbert-Samuel multiplicity, and also [Kis09] , Section 1.3 for properties relevant to our situation).
Let ℓ = F q 2 . For K = Q p , we recall the following result (Corollary 5.7 of [GG] ), which is the consequence of the results of [GG] and the usual formulation of the Breuil-Mézard conjecture proved in [Kis09] and [Paš12] 
that for each discrete series inertial type t, and each choice of σ D (t), we have e(R
We return to the case of a general K. We have the following well-known result (see for example [GS11] 
Theorem 3.4.5. Let ρ :
continuous representation that is not isomorphic to a twist of an extension of the trivial representation by the cyclotomic character. There exists a positive linear functional i ρ : R(Γ) → Z such that for each discrete series inertial type t and each choice of σ G (t) we have
d t e(R ,ψ (w 0 , t ds , ρ)/π) = i ρ (σ G (t)).
Proof of Theorems 3.4.4 and 3.4.5. It follows from Theorems 3.4.1 (resp. 3.4.3) that we have the equality d t e(R
for all irreducible representations γ of Γ to get the result.
In particular, we observe that
We denote by W Γ (ρ) the set of γ such that i ρ (γ) = 0. This is the translation in the setting of representations of Γ of the (predicted) quaternionic Serre weights of [GS11] . Note in particular that, as in [GS11] , the set W Γ (ρ) is determined by the existence of certains lifts of ρ that have all their Hodge-Tate weights equal to (0, 1), which makes the situation with quaternion algebras simpler than the situation of Serre weights for GL 2 .
3.5. Multiplicity formulas. We now state our main theorems for the multiplicity of the special fiber of the discrete series extended type deformation rings, which we prove in Section 5. 
Theorem 3.5.1. Let ρ be a continuous representation of G Qp of dimension 2 with coefficients in F that is not a twist of ω ⊕ 1. Suppose that p ≥ 5 if ρ is a twist of an extension of the trivial character by the cyclotomic character. Let
for some a ∈ Z × p lifting α. Remark 3.5.3. It follows from the definition of the compatibility of t + with (t, ψ, w) that there exists indeed a choice of σ G (t) satisfying the condition. Remark 3.5.5. In the case when t is of the form (red), recall that there is only one extended type t + compatible with (t, ψ), and R ,ψ (w, t ds , ρ) = R ,ψ (w, t + , ρ). There is no choice to be made for σ G (t) as it is isomorphic to ξσ G (t).
We have the following proposition, which is a consequence of Proposition 1.3.9 of [Kis09] :
the two distinct conjugate extended types compatible with (t, ψ) with t of the form (scal) or (irr). Then e(R
We have the following corollary: Remark 3.5.9. When K = Q p , ρ is a twist of an extension of the trivial character by the cyclotomic character if and only if W Γ (ρ) contains a representation δ of dimension 1, and then i ρ (δ) = 1. This follows from the explicit computations of deformation rings that can be found in [BM02] .
We deduce form Proposition 3.5.8 that the pair {µ ρ , µ ′ ρ } (see Remark 3.5.4) does not depend on the choice of the uniformizer ̟ K , and if ρ is not a twist of an extension of the trivial character by the cyclotomic character we have µ ρ = µ ′ ρ as for all γ ∈ W Γ (ρ), µ ρ (γ) = µ ρ (ξγ).
Corollary 3.5.10. Let ρ be a continuous representation of G K of dimension 2 with coefficients in F which is not a twist of an extension of the trivial character by the cyclotomic character. Then for any discrete series inertial type t, and any HodgeTate type w if
Proof. The first equality comes from the fact that µ ρ = µ ′ ρ . The last equality follows from Proposition 3.5.6.
Remark 3.5.11. If ρ is irreducible Corollary 3.5.10 holds even without Theorems 3.5.1 and 3.5.2, because of Remark 2.3.5. 
for the notations).
In Section 6 we see examples with |e(R ,ψ (w,
Proof. Note that we can choose ̟ Qp as we wish to compute the multiplicities. Let σ G (t) be a choice of representation attached to t as in Paragraph 3.2.2. We need
We do this using the results of Proposition 3.3.3 and the remarks that follow for σ G (t), and the Lemma below for σ w .
Lemma 3.5.13. In R(Γ Qp ) we have: Our proof of Theorems 3.5.1 and 3.5.2 is by deducing them from the usual version of the Breuil-Mézard conjecture, in the cases where it is already known. We can hope that this generalizes to the cases of the Breuil-Mézard conjecture that are not yet known, which leads us to the following: 
When ρ is not a twist of an extension of the trivial character by the cyclotomic character, we have e(R
,ψ (w, t + , ρ)/π) = e(R ,ψ (w, t − , ρ)/π)
Quaternionic modular forms
4.1. Global setting. Let F be a totally real number field such that for all places v | p, F v is isomorphic to K. We denote by Σ p the set of places above p, and let B be the quaternion algebra with center F that is ramified exactly at the infinite places of F and at Σ p . For all v ∈ Σ p , we fix an isomorphism between B v and the quaternion algebra D of Section 3. For any finite place v of F that is not in Σ p , fix an isomorphism
4.2. Modular forms. We recall the theory of quaternionic modular forms (see for example [Tay06] , and also [Kha01] and [GS11] for the situation with a quaternion algebra ramified at p).
Fv coincide (such a character does not necessarily exist). Let S σ,η (U, A) be the set of continuous functions f :
We can extend the action of U on (σ, V ) to an action of
In this case, the functor (σ, V ) → S σ,η (U, A) is exact in (σ, V ). In the following we will always assume that U is small enough.
Let now (σ v0 , V v0 ) be a representation of G with coefficients in A, and for
we define as before σ a representation of U on ⊗ v∈Σp V v , and we suppose that the character η exists. We define a space of modular forms Sσ ,η (U, A) by setting Sσ ,η (U, A) = S σ,η (U, A). We will endow the space Sσ ,η (U, A) with an additional structure (a Hecke operator at v 0 ) in Paragraph 4.4.1.
Hecke algebra. The group (B
. Let S be a finite set of places of F containing all places above p and all v such that U v is not O × Bv , and S ′ ⊂ S the set of places w such that
• U ̟w is the action of We define an operator W v0 acting on
× that is equal to ̟ D at v 0 and 1 everywhere else. Note that W 2 v0 is multiplication by η (̟ K,v0 ) −1 , where
. It is clear from the definition that W v0 commutes with the action of the Hecke algebra T σ,η (U ).
Suppose that A contains a square root α of η(
± denotes the subspace of Sσ ,η (U, A) where W v0 acts by ±α. If we replace σ v0 by ξσ v0 without changing α, the space of modular forms Sσ ,η (U, A) is unchanged, W v0 is replaced by −W v0 and the + and − subspaces are exchanged.
The case of type (red)
. Consider the following special case: let (σ v0 , V v0 ) be a representation of U v0 over A, and σ 
2 to Sσ ,η (U, A). We will make use of this remark in the following situation:σ v0 is of the form σ G (t) ⊗ σ alg for σ alg the restriction to G of some algebraic representation of GL 2 (by an embedding as in Paragraph 3. 
Let π = ⊗ v π v be the irreducible automorphic representation of B × generated by some non-zero φ w (f ) for w ∈ W ∨ C and f ∈ S σ,η (U, E) that this an eigenform for T S . Then π ∞ is isomorphic to W ∨ alg,C , and has central character
be the Galois representation attached to π, so that for all v not in S, the characteristic polyno- 
Proof of the main theorems
5.1. Notation. In this section we fix K and a continuous representation ρ :
When K = Q p , we assume that ρ is not a twist of 1 ⊕ ω. Moreover we assume p ≥ 5 when ρ is a twist of an extension of the trivial character by the cyclotomic character (we need this condition to apply the results of [Paš12] ).
When K = Q p , we assume that ρ is not a twist of an extension of the trivial character by the cyclotomic character, and whenever a Hodge-Tate type w appears we always mean w = w 0 .
Global realization.
5.2.1. Residual representation. We recall the following result (Proposition A.1.1. of [GK] ):
Proposition 5.2.1. There exist a totally real field F and a continuous irreducible representation r : G F → GL 2 (F), such that: when t is of the form (red), and these rings differ only when t is of the form (scal) or (irr)). We make a choice for σ G (t) so that t + = LL D (σ G (t)) ⊗ λ(a √ ̟ K |w| ) −1 for a a lift of α with a 2 = ψ(̟ K ) −1 (recall that |w| = n + 2m if K = Q p and w = (n, m), and set |w 0 | = 0 for any K).
We can consider the Hecke operator W v0 acting on all the spaces of modular forms that we have defined. This gives a decomposition M ∞ = M Let ρ be a continuous representation G Qp → GL 2 (F) such that ρ| Ip = ω * 0 1 ⊗ ω n with * non-zero. We compute µ ρ in this case. We make use of [Kha01] to determine for which γ we can have i ρ (γ) = 0 and then we use the values of e(R ,ψ (w, triv ds , ρ)/π) as computed in [BM02] to get the exact values for i ρ (γ), using the formula given by Lemma 3.5.13. The first part of Theorem 6.2.1 can be seen as a generalization of Conjecture 4 of [CS04] which was proved in [AB07] (see also [BP11] ).
